Derivatives of Inverse Functions

Theorem: Let fbe a function whose domain is an interval I. If f has an inverse
function, then the following are true:

e If fis continuous on its domain, then f! is continuous on its domain
o If fis differentiable at cand f'(c) # 0, then f! is differentiable at f(c)

Derivative of Inverse Function: Let f be a function that is differentiable on I. If
fhas an inverse function g, then g is differentiable at any x for which f'(g(x)) #

0. And g'(x) = % f'(g(x) # 0.

*** Graphs of Inverse Functions have Reciprocal Slopes :
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Example: If f(x) = x3 + 2x — 10, find (f 1)’ (x).
Method 1:

(a) Establish that the function is differentiable and has an inverse, then we
know that the derivative of the inverse exists.

(b) Let y = flx)

(c) Interchange x and y to obtain the inverse function
(d) Differentiate with respect to y: Z—i =

(e) Apply formula: z—i =

Method 2: (Implicit Differentiation)

(a) Let y = flx)
(b) Interchange x and y to obtain the inverse function

(c) Differentiate each term implicitly with respect to x

(d) Solve for v
dx



Example: If f(x) =2x°+x3+ 1. Find (a) f(1) (®) f'(1) (c) (FH®)

d . u' d —u’'
dx [arcsinu] = 0 dx [arccosu] = 0
d u’ d —-u’
a[arctan ul] = Y dx [arccotu] = 172

d u’ d —u’
a [arcsec u] = m E [arccsc U] = m

Example: Differentiate y = 5sin"1(3x)

Example: Differentiate y = sec™1(3x?)

Example: Differentiate y = arcsinx + xv1 — x?
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